Abstract. We investigate left-invariant Hitchin and hypo flows on 5-, 6-and 7-dimensional Lie groups. They provide Riemannian cohomogeneity-one manifolds of one dimension higher with holonomy contained in SU(3), G 2 and Spin(7), respectively, which are in general geodesically incomplete. Generalizing results of Conti, we prove that for large classes of solvable Lie groups G these manifolds cannot be completed: a complete Riemannian manifold with parallel SU(3)-, G 2 -or Spin(7)-structure which is of cohomogeneity one with respect to G is flat, and has no singular orbits.
Introduction
The Hitchin flow [19] starts with a half-flat SU(3)-structure on a 6-dimensional or a cocalibrated G 2 -structure on a 7-dimensional manifold M , and constructs from this initial data a parallel G 2 -or Spin(7)-structure, respectively, on the product M × I of M with an interval I. An analogue of this flow for hypo SU(2)-structures was introduced in [9] , resulting in a parallel SU(3)-structure. If the interval on which the flow is defined is not the whole real line, then the resulting Riemannian manifold is geodesically incomplete. One would like to find conditions under which the flow degenerates in a controlled way at the boundaries of the interval, in order to obtain a natural metric completion, which then still carries the same geometry. A natural simplifying assumption in this context is to require homogeneity of the initial data, so that M × I is of cohomogeneity one with only regular orbits. Under mild assumptions, the cohomogeneity-one action extends automatically to any potential completion of M × I, see Proposition 3.4.
For initial data which is homogeneous under a compact Lie group these flows and the above extension problem were studied extensively in the literature, see, e.g., [2] , [6] , [23] , [27] , [28] . In this paper we focus on the case of left-invariant initial data on a possibly non-compact Lie group, a setting which was previously considered in [5] , [8] and [10] . It was shown by Conti [8, Section 8] that this problem has only trivial solutions for the hypo flow on nilpotent Lie groups, in the sense that the resulting manifold is automatically flat. His proof uses his classification of hypo SU(2)-structures on 5-dimensional nilpotent Lie groups. We find a new, conceptional proof of his statement, which works more generally for arbitrary split solvable Lie groups G, see Theorem 5.2 (a). With analogous arguments, we are able to show that also the Hitchin flow on certain classes of six-and seven-dimensional split-solvable Lie groups G can only be extended trivially, see part (b) and (c) of the same theorem. To prove this statement, we first show in Section 4, as Conti did for the hypo flow on nilpotent Lie groups, that in all considered cases one cannot extend G×I to a, not necessarily complete, Riemannian manifold of cohomogeneity one with respect to G with one or more singular orbits.
Examples of Lie groups for which the hypo or Hitchin flow extends non-trivially are rarely known. The by far most studied case is S 3 × S 3 on which the solution of the extension problem led to several complete Riemannian manifolds, cf., e.g., [2] , [5] , [23] . Note that even the first example of a complete Riemannian manifold with holonomy equal to G 2 on the spin bundle over S 3 [4] is an extension in the above sense of the Riemannian manifold obtained by a Hitchin flow with left-invariant initial SU(3)-structure [19] . In this case, the initial value is biinvariant under the diagonal SU (2) , which simplifies the flow equations greatly.
To obtain a similar example on a non-compact Lie group, we consider the Lie group SL(2, C), whose Lie algebra has the same complexification as su(2) ⊕ su (2) , and impose invariance of the initial value under the maximal compact subgroup SU (2) . We classify in Section 6 all SU(2)-invariant left-invariant half-flat SU(3)-structures on SL(2, C) and solve the Hitchin flow explicitly for all these initial values. The initial values depend on three continuous and one discrete parameter and the solutions of the Hitchin flow are defined on a finite interval (a, b) for all possible parameters. Whereas at one boundary point the solution always collapses in a bad way such that one cannot extend the Riemannian manifold in that direction, the degeneration at the other end behaves nicely precisely when one specific continous parameter vanishes. In these cases, we can extend the corresponding Riemannian manifolds in one direction and obtain incomplete cohomogeneity-one Riemannian metrics on the twisted product SL(2, C) × SU(2) C 2 which all turn out to be homothetic to a metric with holonomy equal to G 2 on the spin bundle over three-dimensional hyperbolic space described by Bryant and Salamon [4, Section 3] .
• An SU(3)-structure on a six-dimensional manifold M is a pair (ω, ρ) ∈ Ω 2 M × Ω 3 M for which at each point p ∈ M there exists an ordered basis (e 1 , . . . , e 6 ) of T p M with ω p = e 12 + e 34 + e 56 , ρ p = e 135 − e 146 − e 236 − e 245 .
The automorphism group of this structure (i.e., the group of transformations preserving the forms ω, ρ) is SU(3) ⊂ SO (6) . (ω, ρ) is called half-flat if d ω 2 = 0, dρ = 0.
• A G 2 -structure on a seven-dimensional manifold M is a three-form ϕ ∈ Ω 3 M for which at each point p ∈ M there exists an ordered basis (e 1 , . The automorphism group of the structure (i.e., the group of transformations preserving the form ϕ) is G 2 ⊂ SO(7).
• A Spin(7)-structure on an eight-dimensional manifold M is a four-form Φ ∈ Ω 4 M for which at each point p ∈ M there exists an ordered basis (e 1 , . The automorphism group of the structure (i.e., the group of transformations preserving the form Φ) is Spin(7) ⊂ SO(8).
• An ordered basis (e 1 , . . . , e n ) of T p M as in the definition of the different G-structures above is called an adapted basis. As SU(2) ⊆ SO(5), SU(3) ⊆ SO(6), G 2 ⊆ SO(7) and Spin(7) ⊆ SO(8), each of the above considered G-structures induces a Riemannian metric g and an orientation and so also a Hodge star operator. The Riemannian metric and the orientation are defined by the property that any adapted basis is an oriented orthonormal basis. The G-structure is called parallel if the defining differential forms are parallel with respect to the associated Levi-Civita connection ∇ g . Note that the holonomy of g is then contained in G.
• For a G 2 -structure ϕ one gets for any adapted basis (e 1 , . . . , e 7 ) at p ∈ M . We call ϕ cocalibrated if
It is possible to give an "intrinsic" definition of all these G-structures, i.e., a definition without referring to an adapted basis but instead through certain properties the defining differential forms have to fulfill. We elaborate this in more detail only in the SU(3)-case since we will not need the intrinsic definition in the other cases. For this, we first need some prepatory definitions. Definition 2.2. Let ρ ∈ Λ 3 V * be a three-form on an oriented six-dimensional vector space V . Define a linear map
for all v ∈ V , where κ :
If λ(ρ) < 0, we define the square root of −λ(ρ) as the unique positive (for the given orientation) 6-form on V that squares to −λ(ρ) ∈ (Λ 6 V * ) ⊗2 and the endomorphism J ρ of V by (2.4)
It is well-known that J ρ is a complex structure on the vector space V [20] . Furthermore, we set
One obtains now the following characterization of SU(3)-structures.
Lemma 2.3. Let M be a six-dimensional manifold. Then a pair (ω, ρ) of a twoform ω and a three-form ρ is an SU(3)-structure if and only if (a) ω is non-degenerate (consider then the orientation of T M given by the volume form
If this is the case, then (g, J ρ , ω) is an almost Hermitian structure and Ψ is a complex volume form, i.e. a non-zero complex (3, 0)-form, on M .
Remark 2.4. We would like to note that SU(3)-structures in our sense are sometimes called normalized SU(3)-structures, cf., e.g., [10] . A (non-normalized) SU(3)-structure is then a pair (ω, ρ) ∈ Ω 2 M × Ω 3 M fulfilling the conditions of Lemma 2.3 but instead of −λ(ρ) = Remark 2.5. λ(ρ) is an element of an oriented representation of GL(V ), hence the sign of λ(ρ) (and thus the condition (b) above) is independent of the chosen orientation of V . Moreover, note that the condition (c) implies that the tensor g (ω,ρ) in the Lemma above is symmetric (and non-degenerate because of condition (a)).
Next, we would like to note some algebraic properties of SU(2)-, SU(3)-and G 2 -structures which we will need in Section 4. Lemma 2.6.
(a) Let (α, ω 1 , ω 2 , ω 3 ) be an SU(2)-structure on a five-dimensional manifold M . Then the kernels of the forms ω 1 , ω 2 and ω 3 at each point p ∈ M are equal and one-dimensional. Moreover, α is non-zero when restricted to this common kernel. (b) Let (ω, ρ) be an SU(3)-structure on a six-dimensional manifold M . If at some point p ∈ M there are tangent vectors X and Y with ρ p (X, Y, ·) = 0, then X and Y are (J ρ ) p -complex linearly dependent andρ p (X, Y, ·) = 0. (c) Let ϕ be a G 2 -structure on a seven-dimensional manifold M . For all p ∈ M and all linearly independent X, Y ∈ T p M , the kernel of the two-form
Proof.
(a) Can directly be deduced from the definition. From the definition of the considered G-structures in terms of adapted bases one can already guess that there are certain connections between the G-structures in dimension n and n + 1. More exactly, one gets an induced hypo SU(2)-structure on any oriented hypersurface in a six-dimensional manifold with a parallel SU(3)-structure, a half-flat SU(3)-structure on any oriented hypersurface in a sevendimensional manifold with a parallel G 2 -structure and a cocalibrated G 2 -structure on any oriented hypersurface in an eight-dimensional manifold with a parallel Spin(7)-structure. If one considers now an equidistant family of oriented hypersurfaces, then the induced smooth one-parameter families of hypo SU(2)-, half-flat SU(3)-or cocalibrated G 2 -structures fulfill certain time-dependent partial differential equations, which are called hypo flow equations in the SU(2)-case and Hitchin's flow equations in the other two cases. Conversely, one can start with smooth oneparameter families of these structures on a manifold M fulfilling the corresponding flow equations for all t in an interval I and construct on M × I the corresponding parallel G-structure. More exactly, for hypo SU(2)-structures and parallel SU(3)-structures, the following is true, cf. [9] : Proposition 2.7. Let M be a five-dimensional manifold, I be an open interval and t be the standard coordinate on I. Moreover, let (ω, ρ) ∈ Ω 2 (M × I) × Ω 3 (M × I) be a parallel SU(3)-structure on M × I such that the induced Riemannian metric on M × I is of the form g t + dt 2 . Then the induced smooth one-parameter family
for all t ∈ I. Conversely, any smooth one-parameter family of SU(2)-structures
on M which is hypo for some t 0 ∈ I and fulfills the hypo flow equations (2.7) on I is a family of hypo SU(2) structures, with corresponding Riemannian metrics
and it defines a parallel SU(
The induced Riemannian metric g (ω,ρ) on M × I is given by
and has holonomy in SU(3).
By [19] and [10] , one gets the following proposition for half-flat SU(3)-structures and parallel G 2 -structures: Proposition 2.8. Let M be a six-dimensional manifold, I be an open interval and t be the standard coordinate on I. Moreover, let ϕ ∈ Ω 3 M be a parallel G 2 -structure on M × I such that the induced Riemannian metric is of the form g t + dt 2 . Then the induced smooth one-parameter family I ∋ t → (ω t , ρ t ) ∈ Ω 2 M × Ω 3 M given by ω t := ∂ ∂t ϕ M×{t} and ρ t := ϕ| M×{t} consists of half-flat SU(3)-structures which fulfill Hitchin's flow equations
Conversely, any smooth one-parameter family I ∋ t → (ω t , ρ t ) of SU(3)-structures on M which is half-flat for some t 0 ∈ I and fulfills Hitchin's flow equations (2.10) on I defines a parallel G 2 -structure ϕ on M × I given by
The Hodge dual ⋆ ϕ ϕ is given by
For cocalibrated G 2 -structures and parallel Spin(7)-structures, [19] and [10] yield Proposition 2.9. Let M be a seven-dimensional manifold, I be an open interval and t be the standard coordinate on I. Moreover, let Φ ∈ Ω 4 M be a parallel Spin(7)-structure on M × I such that the induced Riemannian metric is of the form g t + dt 2 . Then the induced smooth one-parameter family I ∋ t → ϕ t ∈ Ω 3 M given by ϕ t := ∂ ∂t Φ M×{t} consists of cocalibrated G 2 -structures which fulfill Hitchin's flow equations
Conversely, any smooth one-parameter family I ∋ t → ϕ t of G 2 -structures on M which is cocalibrated for some t 0 ∈ I and fulfills Hitchin's flow equations (2.12) on I defines a parallel Spin(7)-structure Φ on M × I given by
The Riemannian metric g Φ on M × I induced by Φ is given by g Φ = g ϕt + dt 2 and has holonomy in Spin(7).
Remark 2.10.
• By the Cauchy-Kowalevskaya Theorem, the flow equations (2.7), (2.10), (2.12) on a manifold M together with an initial value at t = t 0 admit a unique solution on an open neighborhood U of M × {t 0 } in M ×R provided M and all initial data are real-analytic. If M and the initial data are even homogeneous, the flow equations become ordinary differential equations and U is of the form M × I for some open interval I containing t 0 . Moreover, (M × I, g) is a Riemannian manifold of cohomogeneity one with only principal orbits.
• Any diffeomorphism of M which leaves the initial value of the flow equations (2.7), (2.10), (2.12) invariant, automatically leaves the solution invariant at any time t ∈ I.
Finally, we would like to note the following immediate consequence of Proposition 2.8 and Proposition 2.9.
Lemma 2.11. Let M be an n-dimensional manifold and G be a Lie group acting on M . Moreover, let t be the standard coordinate in R and let G × R act in the obvious way on M × R.
(a) Let n = 6 and (ω, ρ) be a parallel G-invariant SU(3)-structure on M . Then
Proper Lie group actions
In this section we recall some basic properties of proper isometric Lie group actions on Riemannian manifolds. Throughout, we will assume that G is a connected, but possibly non-compact Lie group. An action
is proper. As shown by Palais [25] , many results on actions of compact Lie groups are still valid for proper actions, see also [14] , Chapter 2, or [17] , Appendix B. Most importantly for us, the slice theorem (see, e.g., [17, Theorem B.24] ) holds true: Let p be a point in a Riemannian manifold M on which a Lie group G acts properly and isometrically and let G p be the isotropy subgroup of p. Let B be a small open ball in the normal space ν p (G · p) around the origin, and form the twisted product G × Gp B (for the induced right action of G p on G and the isotropy representation of G p on B), which carries a natural G-action by left multiplication on the first factor. Then the slice theorem states that there exists a G-equivariant
We will call an orbit regular if it is of maximal dimension among all orbits, and otherwise singular. Then the cohomogeneity of a Lie group action is the codimension of a regular orbit. The actions we encounter in this paper will all be of cohomogeneity one; note that the slice theorem implies that for a proper isometric cohomogeneity-one action any isotropy group G p of a point p in a singular orbit acts transitively on the unit sphere in the normal space ν p (G · p).
The Lie groups we consider in Sections 4 and 5 will all be solvable; for such Lie groups more restrictive statements about the isotropy groups are valid: Lemma 3.1. Let G be a solvable Lie group acting properly and isometrically on an n-dimensional Riemannian manifold. Then every identity component of an isotropy group is either trivial or a torus. If the action is additionally of cohomogeneity one, then every singular orbit of the G-action has dimension n − 2.
Proof. Because the action is proper, all isotropy groups are compact. Then the identity component of any isotropy is, as a compact connected subgroup of a solvable Lie group, a torus (because the Lie algebra of a compact Lie group is reductive). Assuming that the action is of cohomogeneity one, the observation before the lemma implies that any nontrivial isotropy group acts transitively on the unit sphere in the normal space. But the only sphere on which a torus can act transitively is the circle.
Lemma 3.2. Let G be a solvable Lie group, H be a compact subgroup and denote by z(g) the center of the Lie algebra g associated to G. Then:
In particular, if G acts properly and isometrically on a Riemannian manifold M and g p is the stabilizer subalgebra of a point p ∈ M , then g p ∩ [g, g] ⊆ z(g) and if G is even split-solvable, then g p ⊆ z(g).
Proof. As a compact connected subgroup of a solvable Lie group, the identity component of H is a torus, and hence h is Abelian. Moreover, because H is compact, there exists an H-invariant inner product ·, · on g. Let X ∈ h. Then the orthogonal complement V = h ⊥ is invariant under ad X and ad X is skew-symmetric on V . If X ∈ [g, g], ad X is a nilpotent endomorphism as [g, g] is nilpotent and so ad X : V → V has to be the zero endomorphism. If G is split solvable, all eigenvalues of ad X are real and again ad X : V → V equals the zero endomorphism. So, in both cases, X is contained in the center of g as h was already shown to be Abelian.
Remark 3.3. Notice that a stabilizer of a proper isometric action of a solvable Lie group is not necessarily central. Consider for example the action of the special Euclidean group R 2 ⋊ SO(2) on R 2 .
Finally we prove a proposition on the extension of a proper isometric Lie group action on an open and dense subset of a complete Riemannian manifold M to all of M . Proposition 3.4. Let M be a complete Riemannian manifold, and U be an open and dense subset which satisfies the property that the Riemannian distance on M , restricted to U , coincides with the Riemannian distance of U . Let G be a Lie group acting properly and isometrically on U . Then the G-action extends in a unique way to an isometric G-action on M , and the extended action is again proper.
Proof. We first show that any isometry of U can be extended in a unique way to an isometry of M . The uniqueness is clear as U is dense in M .
So let ϕ ∈ I(U ) be an isometry of U . Let p ∈ M . As U is dense in M , we can find a sequence p n in U converging to p. Since d U equals the restriction of d M to U and ϕ is an isometry of U , the sequence (ϕ(p n )) n is a Cauchy sequence in M and so has a limit q ∈ M because M is complete. We set ϕ(p) := q. This gives a well-defined map ϕ : M → M , because for any other sequence p
again by the assumption on the two metrics on U .
Clearly, ϕ : M → M is a bijection, because the extension of ϕ −1 to a map on M defines an inverse to ϕ. To show that ϕ is an isometry, it therefore suffices to show that ϕ is a distance-preserving map [18, Theorem I.11 
. By the uniqueness of the extension, it follows that we obtain a well-defined group homomorphism f : I(U ) → I(M ) of Lie groups. As convergence in the compact-open topology is for isometries equivalent to pointwise convergence, cf, e.g., [21, Section I.4] , and U is dense in M , the homomorphism is continuous and hence smooth, cf. [31, Theorem 3.39]. Thus, our G-action G → I(U ) induces, by composition with f , a well-defined smooth G-action on M .
To show that the G-action on M is also proper, we need to show that G is closed in the isometry group of M [13, Theorem 4] . For that we note that by properness of the G-action on U , the G-orbits are closed in U , and by the slice theorem, also closed in M . Thus, if a sequence g n in G converges as isometries of M , then the limit isometry leaves invariant U ; thus, g n also converges in I(U ), and by properness of the G-action on U , g n converges in G.
Remark 3.5. An easy example of an action on an open and dense subset which does not extend to the whole manifold is given as follows: Let M be the infinite Möbius strip (R × [0, 1])/ ∼ , with the boundaries identified via (t, 0) ∼ (−t, 1), and U = R × (0, 1). Then the Lie group R acts properly on U by translation in the R-direction, but this action does not extend to M .
Non-existence of singular orbits
In this section, we prove that for suitable classes of split-solvable Lie groups G any proper cohomogeneity-one action of G on a, not necessarily complete, Riemannian manifold M preserving a parallel SU(3)-, G 2 -or Spin(7)-structure on M , respectively, has only regular orbits. In the SU(3)-case, our result generalizes [8, Theorem 25] .
We begin by recalling some basic definitions needed in this section.
Definition 4.1.
• For a Lie algebra g, the ascending central series g k , k ∈ N 0 , is recursively defined by
for all k ∈ N 0 . Note that g (1) equals the center z(g) of g and that g is nilpotent precisely if there exists some k ∈ N 0 with g (k) = g.
• For an action of a Lie group G on a manifold M and an element X in the associated Lie algebra g, we denote in the following by X the induced fundamental vector field on M defined in such a way that g → X(M ), X → X, is an anti-homomorphism of Lie algebras.
Moreover, we will need the following formula for the value of the exterior derivative of an invariant differential form on fundamental vector fields. 
for all X 0 , . . . , X k ∈ g.
Since G preserves ω, we have L Xi ω = 0 for all i ∈ {0, . . . , k}. Hence,
Thus, we obtain
The following theorem generalizes [8, Theorem 25] .
Theorem 4.3. Let M be a six-dimensional manifold with a parallel SU(3)-structure (ω, ρ) ∈ Ω 2 M × Ω 3 M preserved by a proper cohomogeneity one action of a fivedimensional Lie group G. Then the stabilizer subalgebra g p of any point p ∈ M fulfills g p ∩ z(g) = {0} and if G is solvable, also g p ∩ [g, g] = {0}. In particular, if G is split-solvable, then all orbits of the action are five-dimensional.
Proof. We only have to show the first assertion g p ∩ z(g) = {0} since the others follow directly from that assertion using Lemma 3.2.
To prove this, assume the contrary, i.e. that there exists some point p ∈ M with g p ∩ z(g) = {0}. Let 0 = X ∈ g p ∩ z(g)
for all Y ∈ g. Thus, (ω 1 ) t (X, Y ) is constant along the geodesic γ. Moreover, ω = (ω 1 ) t + α t ∧dt for all t ∈ (a, b) by Proposition 2.7 and so extends also to the singular orbit. Therefore, restricting to γ, the limit lim t→b ω(X, Y )(γ(t)) exists and is equal to 0. On the other hand, for all t ∈ (a, b), ω(X, Y )(γ(t)) = (ω 1 ) t (X, Y )(γ(t)). It follows that X γ(t) is in the kernel of (ω 1 ) t (γ(t)) for all t ∈ (a, b).
The kernels of the forms (ω 1 ) t , (ω 2 ) t and (ω 3 ) t at γ(t) coincide by Lemma 2.6 (a), so X γ(t) is also in the kernel of (ω 2 ) t and (ω 3 ) t . But then
for all Y, Z ∈ g since X is in the center and X γ(t) is in the kernel of (ω 3 ) t . Therefore, by the flow equations (2.7), (α t ∧ (ω 2 ) t )(X, Y , Z) is constant along γ. Now Proposition 2.7 gives us ρ = (ω 2 ) t ∧ α t − (ω 3 ) t ∧ dt on t∈(a,b) G · γ(t). So the limit lim t→b (α t ∧ (ω 2 ) t )(X, Y , Z)(γ(t)) = lim t→b ρ(X, Y , Z)(γ(t)) exists and is equal to 0. Hence we have (α t ∧ (ω 2 ) t )(X, Y , Z)(γ(t)) = 0 for all Y, Z ∈ g and all t ∈ (a, b). But this is a contradiction, as X γ(t) is in the kernel of the (ω 2 ) t (γ(t)) which has trivial intersection with the kernel of α t (γ(t)) by Lemma 2.6 (a).
For cohomogeneity-one actions on manifolds with parallel G 2 -structures, we can show the following theorem.
Theorem 4.4. Let M be a seven-dimensional manifold with a parallel G 2 -structure ϕ ∈ Ω 3 M preserved by a proper cohomogeneity one action of a six-dimensional Lie group G. If there exists a point p ∈ M such that g p ∩ z(g) = {0} or if G is solvable and there exists a point p ∈ M such that g p ∩ [g, g] = {0}, then dim(g (2) ) = 1. In particular, if G is split-solvable with dim(g (2) ) = 1 (e.g. if G is nilpotent), then all orbits of the action are six-dimensional.
Proof. We only have to show that g p ∩ z(g) = {0} implies dim(g (2) )) = 1. The other statements follow then by Lemma 3.2 or since g (k) = g for some k ∈ N if g is nilpotent.
For the proof, assume the contrary, i.e. that dim(g (2) ) > 1. Let 0 = X ∈ g p ∩z(g). Then G · p is a singular orbit and we choose a normal geodesic γ : (a, b] → M of unit speed with γ(b) = p and such that γ(t) is in a regular orbit for all t ∈ (a, b). By Proposition 2.8, we get a smooth one-parameter family (a, b) ∋ t → (ω t , ρ t ) of half-flat SU(3)-structure on the regular orbits G · γ(t).
Since dim(g (2) ) > 1, we may choose Y ∈ z(g) = g (1) linearly independent of X if dim(z(g)) > 1. Otherwise we choose an arbitrary Y ∈ g (2) linearly independent of X. In both cases, we have [Y, g] ⊆ span(X) and so Hitchin's flow equations (2.10) give usρ t (X, Y , Z)(γ(t)) = dω t (X, Y , Z)(γ(t)) = −ω t ([Y, Z], X) = 0 for any Z ∈ g. Hence, ρ t (X, Y , Z) is constant along the normal geodesic γ. Moreover, by Proposition 2.8, we have ϕ = ω t ∧ dt + ρ t on t∈(a,b) G · γ(t) . Thus, lim t→b ρ t (X, Y , Z)(γ(t)) = lim t→b ϕ(X, Y , Z)(γ(t)) exists and is equal to zero. Hence, ρ t (X, Y , Z)(γ(t)) = 0 for all t and all Z and Lemma 2.6 (b) gives us that X and Y are complex linearly dependent along γ with respect to the complex structure J ρt and thatρ t (X, Y , Z)(γ(t)) = 0 for all t ∈ (a, b) and all Z ∈ g. Thus,
for all Z, W ∈ g and all t ∈ (a, b). Setting σ t := ω 2 t 2 , Hitchin's flow equations (2.10) imply that
is constant along γ for fixed Z, W ∈ g.
by Proposition 2.8, we conclude, as before, by passing to the singular orbit, that
for all Z, W ∈ g and all t ∈ (a, b). But this is impossible: For a fixed t ∈ (a, b),
2 (γ(t)) is some non-zero multiple of the metric volume form as (g (ωt,ρt) , J ρt , ω t ) is an almost Hermitian structure on G · γ(t). Thus, σ t (X, Y , Z, W )(γ(t)) = 0, a contradiction.
We denote by n 6,5 the six-dimensional nilpotent Lie algebra with the following non-zero differentials where (e 1 , . . . , e 6 ) is a basis of n * 6,5 . Moreover, we call a semi-direct sum g = u ⋊ R proper if it is not isomorphic to the Lie algebra direct sum u ⊕ R. Note that then the center of g is contained in u as otherwise g = u ⊕ R · X as Lie algebras for any element X in the center of g which is not contained in u. Proof. We first prove (a) and (c). In both cases, assume that there is a singular orbit and let p a point in this singular orbit. Choose a normal geodesic γ : (a, b] → M of unit speed such that γ(b) = p and γ(t) is in a regular orbit for all t ∈ (a, b). By Proposition 2.9, we have a smooth one-parameter family (a, b) ∋ t → ϕ t of cocalibrated G 2 -structures on the regular orbits G·γ(t). By Lemma 3.1 and Lemma 3.2, dim(g p ) = 1 and g p is central in g. 
for all Z, W ∈ u. This shows that ⋆ ϕt ϕ t (X, Y , Z, W ) is constant along γ(t).
Going to the boundary, using that
by Proposition 2.9 for all t ∈ (a, b), we see that the constant has to be zero. Fix now t ∈ (a, b). Then there exists a basis v 1 , . . . , v 7 of T γ(t) Gγ(t) such that in the dual basis
Since G 2 acts transitively on the set of all 2-planes in R 7 , we may assume that span(X γ(t) , Y γ(t) ) = span(v 1 , v 2 ) and so that ⋆ ϕt ϕ t (X, Y , ·, ·)(γ(t)) is a non-zero multiple of ω := v 34 + v 56 . ω has rank four on T γ(t) Gγ(t) and so is non-zero when restricted to any six-dimensional subspace U ⊆ T γ(t) Gγ(t) since otherwise ω(U, ·) is contained in the annihilator U 0 of U which would imply that the rank of ω was at most two. Hence, the restriction of ⋆ ϕt ϕ t (X, Y , ·, ·)(γ(t)) to X γ(t) |X ∈ u ⊆ T γ(t) Gγ(t) is non-zero, a contradiction. (c) Let k ∈ {1, 2, 3} be the smallest number such that dim(g (k) ) > 3. Choose 0 = X ∈ g p ⊆ z(g) = g (1) and 0 = Y ∈ g (2) linearly independent of X such that
for all W ∈ g. As in (a), we obtain (⋆ ϕt ϕ t ) (X, Y , Z, W )(γ(t)) = 0 for all W ∈ g and all t ∈ (a, b). Hence, dim(g (k) ) = 3 by Lemma 2.6 (c), a contradiction. Now we prove (b). Going through the list of all nilpotent Lie algebras up to dimension six, cf. [24] or [26] , we see that (a) applies exactly to the following six six-dimensional nilpotent Lie algebras u:
k is the k-dimensional Abelian Lie algebra, h 3 is the three-dimensional Heisenberg Lie algebra, A 5,4 is the Lie algebra with the same name in [26] (in [24] , the Lie algebra is called g 5,1 ) and with the only non-zero differential de 1 = e 24 + e 35 . Moreover, n 6,4 and n 6,5 are the fourth and fifth indecomposable nilpotent Lie algebra of dimension six in the list given in [24] (in [26] , they are named A 6,4 and A 6,5 ), where we note that the parameter γ in n 6,5 can be chosen to be equal to −1, which corresponds to the differentials (4.2). n 6,4 is given by the following non-zero differentials de 5 = e 12 , de 6 = e 13 + e 24 . The cases u ∈ R 7 , h 3 ⊕ R 4 are covered by (c). If u ∈ {h 3 ⊕ h 3 , A 5,4 ⊕ R, n 6,4 }, then u ⊕ R is isomorphic to a proper semi-direct sum of the form (h 3 ⊕ R 3 ) ⋊ R and so these cases are covered by (a).
Theorem 4.5 and Lemma 2.11 imply
Corollary 4.6. Let M be a seven-dimensional manifold with a parallel G 2 -structure preserved by a proper cohomogeneity-one action of a six-dimensional split-solvable Lie group G. If g = u ⋊ R for a five-dimensional nilpotent Lie algebra u with dim([u, u]) ≤ 1, then all orbits of the action are six-dimensional.
Flatness
In this section, we prove that a complete Riemannian manifold with a parallel SU(3)-, G 2 -or Spin(7)-structure which is preserved by a proper cohomogeneity one action of a split-solvable Lie group with properties as in the last section is flat. Here, as throughout this section, we assume without explicitly mentioning that the Riemannian metric is the one induced by the parallel SU(3)-, G 2 -or Spin (7)structure.
The main result of this section, Theorem 5.2 below, will be an immediate consequence of the following proposition and the results of the last section.
Proposition 5.1. Let H ∈ {SU(3), G 2 , Spin(7)} and let M be a complete Riemannian manifold of appropriate dimension with a parallel H-structure preserved by a proper cohomogeneity one action of a (dim(M ) − 1)-dimensional Lie group G. If all orbits are of codimension one, then M is flat.
Proof. Thanks to Lemma 2.11, we only have to do the proof for H = Spin (7) . For that we combine the arguments of [29] and [8] . Recall that for any G 2 -structure
Let M now be a complete eight-dimensional Riemannian manifold with a parallel Spin(7)-structure Φ preserved by a proper cohomogeneity one action of a sevendimensional Lie group G such that all orbits are seven-dimensional. Consider a normal geodesic γ : R → M of unit speed. Then
is a G-equivariant local diffeomorphism. Pulling Φ back to G × R via f , we get a parallel Spin(7)-structureΦ on G × R which is preserved by the natural left action of G on G × I. Moreover, f is a local isometry for the induced Riemannian metric g on G × R and g is of the form g = g t ⊕ dt 2 . Hence, it suffices to prove the statement for (G × R, g) andΦ. Let ϕ t be the left-invariant cocalibrated G 2 -structure induced on G × {t} ∼ = G by Proposition 2.9. Then g t is the Riemannian metric induced by ϕ t on G × {t} ∼ = G. If T t denotes the intrinsic torsion of ϕ t , we have [29, Theorem 3.2] . AsΦ is parallel, the holonomy of g is contained in Spin (7) and so (G × R, g) is Ricci-flat. Since the geodesic R ∋ t → (e, t) ∈ M is a line, the Cheeger-Gromoll Splitting Theorem shows that (G × R, g) is the Riemannian product of (G, g 0 ) and (R, dt 2 ). In particular, g t = g 0 is constant and so Equation (5.1) gives T 0 = 0. Thus, ϕ 0 is parallel and so the holonomy of (G, g 0 ) is contained in G 2 . In particular, (G, g 0 ) is a Ricci-flat homogeneous space and so flat by [1] . But then also (G × R, g) is flat. (a) Let M be a complete six-dimensional Riemannian manifold with parallel SU(3)-structure preserved by a proper cohomogeneity one action of a five-dimensional split-solvable Lie group G. Then M is flat. In this section we consider the Hitchin flow for maximally symmetric initial leftinvariant half-flat SU(3)-structures (ω, ρ) ∈ Ω 2 G × Ω 3 G on the Lie group G = SL(2, C). We compute for which initial values the Hitchin flow gives solutions on a finite interval (a, b) which can be extended at one of the two boundary points. The fact that such a phenomenon occurs is in contrast to the results for certain types of split-solvable Lie groups in Section 4. The incomplete Riemannian metrics obtained in this way all turn out to be homothetic to each other, as well as to a metric described previously by Bryant and Salamon [4, Theorem on p. 840]. The purpose of this section is on the one hand to give a new description of this metric from the point of view of the Hitchin flow, and on the other hand to put it into a more general context by solving the Hitchin flow for all maximally symmetric initial values.
As usual, we identify all left-invariant tensor fields with the corresponding tensors on the associated Lie algebra g = sl(2, C). Since sl(2, C) ∼ = so(3, 1), we may choose a basis (e 1 , . . . , e 6 ) of g such that the differentials de 1 As SU(2) is a maximal compact subgroup of SL(2, C), we get maximal symmetry if we assume that the initial half-flat SU(3)-structure on sl(2, C) is Ad-invariant under SU (2) . We first determine all such SU(3)-structures. For that, observe that g = g * = V ⊕ V as SU(2)-modules with V being the 3-dimensional adjoint representation of SU(2) which equals via the universal covering SU(2) → SO(3) the standard SO(3)-representation on R 3 . Hence,
as SU(2)-modules. As V has no non-zero SU(2)-invariant elements and the SU(2)-invariant elements of S 2 V are multiples of the metric g 0 , we have Next, we want to compute λ(ρ) and J ρ . Therefore, we first have to compute
Hence, by Equation (2.3),
We set 
. Using Equation (2.4), the induced almost complex structure J ρ is given by
Hence, the induced metric g (ω,ρ) = ω(J ρ ·, ·) equals
We must have b
and so g (ω,ρ) is always positive definite. Thus, by Lemma 2.3, we have obtained Lemma 6.1. In the basis (e 1 , . . . , e 6 ) of sl(2, C) given above, the set of all SU(2)-invariant half-flat SU(3)-structures (ω, ρ) is given by ω = ω ǫ,b1,b2,b3 := 2 is defined by Equation (6.1).
Note that a change of sign in ǫ does not change the metric g (ω,ρ) . Next, we want to solve the Hitchin flow for the initial values ω 0 = ω ǫ,b1,b2,b3 , ρ 0 = ρ b1,b2,b3 . For this we note that during the flow ρ t stays closed and (ω t , ρ t ) stay SU(2)-invariant as SU (2) 
, where (a, b) is the maximal interval of existence. The flow equationρ t = dω t readṡ
and so we obtain that y 1 ≡ b 1 , y 2 = 3y 3 + b 2 − 3b 3 and y 3 : (a, b) → R is a maximal solution of the initial value problem
Note that then the second flow equation From Equation (6.1), f is a polynomial of degree four with leading coefficient equal to −12. Hence, f (x) is negative for all x whose absolute value is sufficiently large and as f (b 3 ) > 0, there exist x 1 < b 3 < x 2 with f (x 1 ) = f (x 2 ) = 0 and f (x) > 0 for all x ∈ (x 1 , x 2 ). By the standard theory of ordinary differential equations, x(t) tends to x 1 or x 2 when t tends to a and it tends to the other x i when t tends to b. Hence, it suffices to show that lim x→x 
4 for all x near x 2 . Thus, the integrand in the above integrals is less or equal to C The maximal solution (a, b) ∋ t → (ω t , ρ t ) of the Hitchin flow on sl(2, C) with initial value at t = 0 equal to (ω ǫ,b1,b2,b3 , ρ b1,b2,b3 ) as in Lemma 6.1 is defined on a finite interval (a, b) and is explicitly given by where x : (a, b) → R is the maximal solution of the initial value probleṁ
Now we can state and prove the main result of this section:
2 ), −∞ < a < 0 < b < ∞, be the Riemannian manifold obtained from the maximal solution of the Hitchin flow on SL(2, C) with initial SU(2)-invariant left-invariant half-flat SU(3)-structure (ω ǫ,b1,b2,b3 , ρ b1,b2,b3 ) at t = 0 as in Lemma 6.1.
Then (SL(2, C) × (a, b), g t + dt 2 ) cannot be realized as the regular part of a Riemannian manifold with a proper isometric SL(2, C)-action of cohomogeneity one with two singular orbits. However, it can be realized as the regular part of a Riemannian manifold (M, g) with a proper isometric SL(2, C)-action of cohomogeneity one with precisely one singular orbit if and only if b 1 = 0. All these Riemannian manifolds (M, g) are non-complete and homothetic to the Bryant-Salamon metric with holonomy G 2 on the spin bundle over hyperbolic 3-space described in [4] .
Proof. We first consider the case b 1 = 0. We argue by contradiction and assume that (SL(2, C) × (a, b), g t + dt
2 ) can be realized as the regular part of a Riemannian manifold (M, g) with a proper isometric SL(2, C)-action of cohomogeneity one and at least one singular orbit. Then lim t→b − (e, t) or lim t→a + (e, t) has to exist in M and lie in a singular orbit and so lim t→b − g(X, X)(e, t) or lim t→a + g(X, X)(e, t) has to exist and has to be finite for all X ∈ sl(2, C). But Equation (6.2) and Lemma 6.2 give g t (e 1 , e 1 ) = g(e 1 , e 1 )(e, t) = 2 . for all t ∈ (a, b) and, as argued above, λ(b 1 , 3x(t) + b 2 − 3b 3 , x(t)) tends to zero for t tending to a and b. Since the numerator is always non-zero, g t (e 1 , e 1 ) tends to infinity at both boundary points of (a, b), a contradiction.
Assume from now on that b 1 = 0. Since λ(0, 3x+ b 2 − 3b 3 , x) = 4x 3 (3x+ b 2 − 3b 3 ) has exactly two distinct zeroes: 0 and b 3 − 
Consequently, g t (e 1 , e 1 ) tends to ∞ at one of the boundary points of (a, b) and so SL(2, C) × (a, b) cannot be realized as the regular part of a Riemannian manifold with a proper cohomogeneity-one action of SL(2, C) with two singular orbits.
2 ) is the expression of the metric h b2,b3 through the change of variable t → x(t) in (SL(2, C) × J b2,b3 , h b2,b3 ) with In particular, x is strictly decreasing and x tends to 0 when reaching the boundary point b. Moreover, we have lim t→b − g t (e i , e i ) = 0 for i = 1, 2, 3. The elements e 1 , e 2 , e 3 span the subalgebra su(2) ⊂ sl(2, C). Because the action of SL(2, C) on SL(2, C) × I = SL(2, C) × (a, b) is free, this implies that the candidate for the partial completion at b is the manifold M = SL(2, C) × SU(2) U with U := B ǫ (0) being the open ball of radius ǫ := b − a in V = R 4 with respect to the canonical inner product on R 4 and the representation of SU(2) ∼ = S 3 on V = R 4 ∼ = H being the standard one.
Remark 6.4. M can be seen as the space of vectors of length less than b − a in the spin bundle over the hyperbolic 3-space SL(2, C)/SU(2).
We may assume that SL(2, C)
M is equipped with the SL(2, C)-cohomogeneity one action given by left multiplication on the first factor; we will show that the Riemannian metric g t + dt 2 on the regular set SL(2, C) × I extends to a smooth SL(2, C)-invariant Riemannian metric g on M .
This extension problem for cohomogeneity one actions (or more generally for polar actions) has been considered by several authors, see e.g. [15] , [22] , [30] , [27] . Note that since we considered an arbitrary SU(2)-invariant left-invariant initial value of the Hitchin flow, the Bryant-Salamon metric on the spin bundle of hyperbolic 3-space described in [4, Section 3] is included in our class of metrics. This shows that there exists a metric in this class that extends smoothly to M. It follows that our Riemannian metrics with b 1 = 0 extend smoothly to M and are homothetic to the Bryant-Salamon metric. On the final two pages of this paper we nevertheless verify explicitly, without using the result of [4] , that the metric extends.
We define p as the span of e 4 , e 5 , e 6 in sl(2, C) and note that this space is invariant under the adjoint action of su (2) . We consider U as embedded in M via v → [e, v] ∈ SL(2, C)× SU(2) U ; then the tangent bundle T M , restricted to U , is the trivial SU(2)-bundle
see [15] , p. 112. An SL(2, C)-invariant Riemannian metric on M is thus the same as a smooth SU(2)-equivariant map
We consider the curve γ : (0, ǫ) → SL(2, C) × (a, b) ֒→ M , γ(t) := (e, b − t) = [e, tv 1 ] and consider (−ǫ, ǫ) as a subset of M via s → [e, sv 1 ]. Then the fundamental vector fields of e i ∈ su(2), i = 1, 2, 3, restricted to γ, are given by 6 i=4 e i ⊗ e i .
We note that the metric along γ takes values in the SU(2)-invariant subspace S 2 (V * ) ⊕ S 2 (p * ), so we can consider the extension problem separately. First we want to show that the metric extends from (0, ǫ) to (−ǫ, ǫ). As we want to obtain an invariant metric, this extension has to be equivariant under the subgroup of SU(2) which leaves invariant the line R · v 1 ⊂ V , which is Z 2 = {± id} ⊂ SU(2). The group Z 2 acts on V by v → −v, and trivially on p (recall that SU(2) acts on p by the adjoint action). Hence, it acts trivially on S 2 (V * ) ⊕ S 2 (p * ), but by t → −t on (−ǫ, ǫ); in other words, we have to show the following lemma:
Lemma 6.5. The coefficient functions of the metric along γ can be extended to smooth even functions on (−ǫ, ǫ).
Proof. We have to show that all the odd derivatives of the coefficient functions vanish in the limit t = 0. We first argue that the function t → x(b − t) has this property. For that we argue by induction, using Equation (6.4) , that the odd derivatives of x have the form (6.5)
for all k ≥ 0, and that the even derivatives have the form (6.6)
for all k ≥ 1, where the c k,i , d k,i , α k,i and β k,i are rational constants. To see this, we calculate that the derivative of a summand of the form x 
which is the sum of two summands of the form that appear in (6.6). Similarly, the derivative of a summand in (6.6) results in the sum of one (for i = 0) or two summands of the form in (6.5). Because lim t→b − x(t) = 0, Equation (6.5) implies that t → x(b − t) extends to a smooth even function on (−ǫ, ǫ), which is zero for t = 0. Hence, t → (4 − 3x(b − t)) 2 3 (one of the coefficient functions) and t → x(b−t) t 2 extend to smooth even functions on (−ǫ, ǫ). But then also the other coefficient function t → 4x(b−t) t 2 (4−3x(b−t)) 1 3 extends to a smooth even function on (−ǫ, ǫ). Now it is known that the problem to extend the smooth Z 2 -equivariant map (−ǫ, ǫ) → S 2 (V * ) ⊕ S 2 (p * ) to a smooth SU(2)-equivariant map defined on U is just the extension problem for the coefficients of the Taylor expansion at 0, see [15] , Lemma 1.1, or [22] , Chapter 3.
Let us consider the V -part of the metric. As observed above, Z 2 acts trivially on S 2 (V ). Thus, the space of invariant polynomials R[R, S 2 (V )] Z2 is nothing but R[t 2 ] ⊗ S 2 (V ). All spaces of polynomials we consider carry the natural grading by degree of the polynomials. We recall that the Poincaré series of a graded vector space V = k≥0 V k such that each space V k is finite-dimensional, is the formal series k≥0 t k dim V k . Thus, the space R[R, S 2 (V )] Z2 has the Poincaré series , we complexify the situation: Denoting by W n , n = 0, 1, 2, . . ., the irreducible complex SU(2)-representation S n (C 2 ), we have V C = W 1 ⊕ W 1 ; we thus have to find, for each degree k, the trivial summands in S k (W 1 ⊕ W 1 ) ⊗ S 2 (W 1 ⊕ W 1 ). Using the Clebsch-Gordon formula W n ⊗ W m = W n+m ⊕ W n+m−2 ⊕ · · · ⊕ W |n−m| , see [16] , Exercise 11.11, we compute
from which we deduce that the desired Poincaré series is
This means that the only obstruction for extending the V -part of the metric is that lim t→0
